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Abstract 

In 30’s Hassler Whitney considered and completely solved the problem (WP) of 
describing the classes of graphs G having the same cycle matroid M{G) [15[[T^ . A 
natural analog iWP)' of Whitney’s problem {WP) is to describe the classes of graphs 
G having the same matroid M'{G), where M'{G) is a matroid (on the edge set of G) 
distinct from M{G). For example, the corresponding problem {WP)' = {WP )0 for 
the so-called bicircular matroid Mg{G) of graph G was solved in M . We define the 
so-called k-circular matroid Mi^{G) on the edge set of graph G for any non-negative 
integer k so that M{G) = Mq{G) and Mo{G) = Mi{G). It is natural to consider the 
corresponding analog {WP)k of Whitney’s problem {WP) not only for k = 0 and k = 1 
but also for any integer k >2. In this paper we give a characterization of the fc-circular 
matroid Mk{G) by describing the main constituents (circuits, bases, and cocircuits) in 
terms of graph G and establish some important properties of the Ucircular matroid. 
The results of this paper will be used in our further research on the problem {WP)k- 
In our next paper we use these results to study a particular problem of {WP)k on 
graphs uniquely defined by their fc-circular matroids. 

Key words: graph, bicycle, cacti-graph, splitter theorems, matroid, fc-circular 
matroid. 
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1 Introduction 


In 30’s Hassler Whitney developed a remarkable theory on the matroid isomorphism and 
the matroid duality of graphs 14 17 . He considered a graph G and the so called cycle 


matroid M{G) of G (whose circuits are the edge subsets of the cycles in G) and stated the 
following natural problems on pairs {G, M{G)): 

{WP) describe the classes of graphs having the same cycle matroid and, in particular, 
graphs that can be reconstructed from cycle matroid (up to the names of vertices) and 

{WP*) describe the pairs of graphs whose cycle matroids are dual, i.e. describe the class 
of graphs closed under their cycle matroids duality. 
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Classical Whitney’s graph matroid-isomorphism theorem and Whitney’s planarity crite- 

TsH^ 


rion provide the answers to the above questions 

Naturally, Whitney’s problems and interesting results along this line prompted further 
questions and research on possible strengthenings as well as various extensions or analogs of 
some Whitney’s results (see, for example. 
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The goal of this research is twofold: 

(ri) to introduce and consider some new matroids related with a graph G that are distinct 
from the cycle matroid M{G) and to establish the structural properties of those matroids in 
terms of G and 


(r2) to extend some of Whitney’s results on problem [WP) to this variety of graph matroids 
using their structural properties established in (Tl) 


This paper is the hrst one in the series of our papers along the (Tl) - (r2) line on graphs 
and their matroids. 


Section 2 provides some basic notions, notation, and some known facts on matroids and 
graphs. 

In Section 3 some additional notions and some auxiliary and preliminary facts on graphs 
are presented that will be used later. In particular, we will describe some useful properties 
of the function A(G) = \E{G)\ — |ld(G')| of graph G, establish the splitter theorems for 
graphs with no leaves and no cycle components. We also dehne and characterize two special 
subgraphs of a graph that are called the core and the kernel of a graph. These notions and 
results will play an essential role in the study of the so-called fc-circular matroids. 

In Section 4 we introduce the notion of the fc-circular matroid Mk{G) of a graph G, where 
A: is a non-negative integer, and establish some properties of this matroid. In particular, we 
describe the main constituents of this matroid (bases, circuits, cocircuits, etc.) in graph 
terms. 


The results of this paper provide, in particular, a proper basis for our study of the problem 
{WP)k on describing the classes of graphs with the same fc-circular matroids. 


2 Basic notions and facts on matroids and graphs 

2.1 On clutter and hereditary families 

Given a partial order set (P, ^), a maximal element of (P, is called P-maximal and 
a minimal element of (P, is called P-minimal. 

The notions and facts described in this Section can be found in [^. Given a hnite set E, 
consider the poset V = (2^, C) and X C 2^. 

Let 

Aiax(X) denote the set of C-maximal elements of poset {X, C) and 
M.in{X) denote the set of C-minimal elements of poset {X, C). 
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Let 

Max-\X) = {X(ZE-X(ZY for- some V E X} and 
Min-\X) = {X CE:XDV for some Y E X}. 

A family X is called a clutter if Aiax{X) = A4in(X), i.e. if X ^ Y for every X,Y E X 
and X f^Y. Obviously, M.ax{X) and Aiin{X) are clutters. 

A family X is called hereditary if X <EY E X ^ X E X . 

A family X is called anti-hereditary if X E^Y E X ^ X E X . 

Obviously, the following is true. 

Claim 2.1.1 Let X C 2^. Then 
(cl) Aiax~^{X) is a hereditary family, 

(c2) M.in~^{X) is an anti-hereditary family, 

(c3) X is a hereditary family if and only if M.in~^{M.ax{X)) = X, and 
(c4) X is an anti-hereditary family if and only if Aiax{Aiin~^{X)) = X. 

Let X C 2'® and X a hereditary family and put H = {E,X) and X = X{H). An element 

X of X is called an independent set of H and X is the independence family of H. 

Let B = B{H) = AiaxiX). An element i? of is called a base of H and B = B{H) is 

the family of bases of H. 

Let X> = 2'®\X. Obviously, D eV if and only if X is not independent set of H. Therefore 
an element H of X* is called a dependent set of H and V = T>(H) is the dependence family 
ofH. 

Let C = AiinifD). An element C of C is called a circuit of H and C = C{H) is the family 
of circuits of H. A circuit C of H consisting of one element is called a loop of H. 

Given B = B{H), let B* = B*{H) = {E \ B : B E B}, I* = Max-\B*), V* = 

C* = Min{'D*), and H* = {E,T*). We call H = {E,X) and H* = {E,X*) dual hereditary 
families on E and put B{H*) = B*{H), V{H*) = and CiH*) = C*{H). 

Accordingly, we call 

an independent set of H* a coindependet set of H = {E,X), 
a dependent set H* a codependent set of Ed = {E,X), 
a base of H* a cobase of H = {E,X), 
a circuit of H* a cocircuit of H = {E,X), and 
a loop of H* a coloop of H = {E,X). 

It is easy to see that the following is true. 

Claim 2.1.2 Let X C 2^, and X is a hereditary family. Let H = {E,X) and X = X{H). 
Then 

(cO) X*{H) is a hereditary family, 

(cl) B{H) and B*{H) are clutters, 

(c2) X){H) andV*{H) are anti-hereditary families. 
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(c3) C{H) and C*{H) are clutters, and 

(c4) every family m {X{H), B{H), V{H), C{H), T{H), 13*{H), C*{H)} 

is uniquely defined by any other family in the above list. 

It is also easy to prove the following. 

Claim 2.1.3 Let H = {E,X) be a non-empty hereditary family of subsets of E. Then 
(cl) B G B{H) and C E C{H) C ^ B or, equivalentlly, 

(c2) B E B{H) and C* E C{H) ^ B nC* and 
B* E B*{H) and C E C{H) ^ 5* n C ^ 0. 


2.2 On matroids 


In this Section we describe some notions and necessary facts on matroids. 
can be found in 10,12 . Given a set X E and e E E, we usually write X 


X U {e} and X \ e instead of X \ {e}. 


Most of them 
U e instead of 


A matroid is a pair M = {E,X), where E is a hnite non-empty set and X C 2^ such that 
(AXl) 0 G X, 

(AX2) X C X G X ^ X G X, and 

(AX3) X,Y E X and |X| < |X| 3 ?/ G X \ X such that X U y E X. 


A set / G X is called an independent set of M. 

Notice that (AXl) and (AX2) imply that X is a hereditary family (see Section 2.1). 
Therefore M = [E, X) is a matroid if and only if X is a non-empty hereditary family satisfying 
(AX3). Thus, all notions and claims about hereditary families in Section 2.1 are valid for 
the matroids. 


The next two claims provide criteria for a family X” C 2® to be the family of bases and 
the family of circuits of a matroid, respectively. 


Claim 2.2.1 Let B Y 2^. Then B is the family of bases of a matroid if and only if 
{ABl) B is a non-empty clutter and 

{AB2) X,Y E B and X X E X\Y 3 y eY\X such that {X\x)UyEB. 


From Claim |2.2.1| it follows that every two bases of matroid M are of the same size. Put 
p{M) = \B\ for B E B{M) and p*{M) = \E\ — p{M). We call p{M) the rank of matroid M 
and p*{M) the corank of matroid M. 


Claim 2.2.2 Let C Y 2^. Then C is the family of circuits of a matroid if and only if 
{ACl) C is a clutter such that 0 ^ C and 

{AC2) X,Y eC and XnY aEXnY 3C eC such that C C (X U X) \ a 

(see Figure [^. 

We will need the following simple facts. 
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Figure 1: Axiom {AC2) of a matroid 


Claim 2.2.3 Let M = {E,X) be a matroid. Then the following are equivalent: 
(al) c is a coloop of M, 

(a2) c e B for every B G B{M), and 
(a3) C for every C G C{M). 


Claim 2.2.4 Let M = {E,X) be a matroid. Then 

(cl) if B E B{M) and e E E \ B = B*, then there exists a unique circuit C = C(e, B) of M 
such that e E C X BUe {or, equivalently, such that CnB* = {e}) and similarly, if B E B{M) 
and e E B, then there exists a unique cocircuit C* = C*{e, B) of M such that e E C* X B*Ue 
{or, equivalently, such that C* A B = {e}), (c2) u E C{e, B) \ e {B \ u) A e E B{M) and 
similarly, u E C* {e, B) \ e {B \ e) U u E B{M), 

(c3) for every C E C{M) {C* E C{M)) there exists B E B and e E E\B = B* such that 
C = C{e,B) {respectively, e E B such that C* = C*{e,B)). 


As in 
B*{M) = 
of M. 


Section 2.1| given a matroid M 


{E \ B : B E B{M)}. It is easy 


= {E,X), let M* = {E,X*) be the pair with 
to see that M* is a matroid and M* is the dual 


Given B E B{M) and e E E \ B = B*, we call C{e,B) the fundamental circuit of B in 
M rooted at e or simply, the {B, e)-circuit in M. 

Similarly, if B* E B{M*) and e E E\B* = B, we call C{e,B*) the fundamental circuit 
of B* in M* rooted at e or simply, the {B* ,e)-circuit in M*. 

We also call C{e,B*) the fundamental cocircuit of base B in M rooted at e, or simply, 
the {B,e)-cocircuit in M. 


Claim 2.2.5 Let M = {E,X) be a matroid and a,b E E, a ^ b. Then the following are 
equivalent: 

(al) a and b belong to a circuit of M and 
(a2) a and b belong to a cocircuit of M. 


Let M = {E,X) be a matroid, L the set of loops, and L* the set of coloops of M. Given 
elements a and b in E \ {L U L*) we write a ~ 6 if a and b belong to a common circuit of M 
or, equivalently (by the above Glaim), if a and b belong to a common cocircuit of M. 
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Claim 2.2.6 {E\{L\J L*), ~) is an equivalence relation. 

Claim 2.2.7 Let M = {E,X) be a matroid, Z G E, and M\z = (Z, (X C Z : X G X}). 
Then M\z is a matroid. 

For X C E let M \ X = M\e\x and M/X = {M* \ X)*. 

A matroid N is called a component of matroid M = {E,I) if X = M\z for some equiva¬ 
lence class Z of the equivalence relation (X \ (X U X*), ~), of matroid M, and so N has at 
least two elements. Let Cmp{M) denote the set of components of M. 

A matroid M = {E,I) is called connected if \E\ > 2 and a ^ b for every a,b E E, i.e. 
matroid M = {E,I) is connected if and only if M has exactly one components and M has 
no loops and no coloops. 

Claim 2.2.8 Matroid N is a component of matroid M if and only if N is a component of 
M*, and so Cmp{M) = Cmp{M*). 

We call a circuit C of a connected matroid M a non-separating circuit of M if M/C 
is a connected matroid. Similarly, we call a cocircuit C* of a connected matroid M a non¬ 
separating cocircuit of M if M \ C* is a connected matroid or, equivalently, if C* is a 
non-separating circuit of M*. 

We call a matroid M = (X, X) non-trivial if E is neither a base of M and nor a base of M* 
and trivial, otherwise. Obviously, M is non-trivial if and only if C{M) ^ 0 and C*{M) ^ 0. 

Let M = {E,I) and M' = {E',Z') be matroids. An isomorphism from M to M' is a 
bijection e from E to E' such that A G X e[A\ G X, where e[A] = {e{e) : e G A}. Matroids 
M and M' are isomorphic if there exists an isomorphism from M to M' (or, equivalently, 
an isomorphism from M' to M). 

2.3 On graphs 

In this Section we describe some notions and necessary facts on graphs. Most of them 
can be found in [I|[^p(^. 

A graph G is a triple (fo, E, 0) such that V and E are disjoint hnite sets, V O E = ^, 
fo 7 ^ 0, and 0 : X —)■ (^) U fo. The elements of fo = V{G) and E = E{G) are called vertices 
and edges of graph G, respectively. If 0(e) = {v,v) for some v E V, then e is called a loop of 
G. If 0(a) = 0(6) for some a,b E E, then a and b are called parallel edges of G. 

Graphs G = (fo, E, 0) and G' = (W, E', 0') are equal if fo = V, E = E', and 0 = 0' (see 
Figure 1^. 

For graphs Gi = (Vi, Ei, 0i) and G 2 = (V 2 , E 2 , 02) with EiH E 2 = 0, let G be the graph 
{V,E,(f>), where V = Vi U V 2 , E = Ei U E 2 , and for e E E, 0(e) = 0j(e) if e G Ei, i = 1,2. 
Then G is called the union of Gi and G 2 , written Gi U G 2 . 

We called a graph G = (V, E, 0) simple if 0 : X —)■ U fo is an injective function, and 

so G ha no parallel edges. 
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V{A) = V{B), E{A) 


= E{B), cl)A ^ (t>B A ^ B 


Figure 2: Two different but isomorphic graphs 


A graph (V, E, 0) is called complete if 0 : —)■ is a bijection. 

If 0(e) = (u, v) in a graph G, then we say that vertices u and v are adjacent, edge e and 
vertex v are incident in G, and u, v are the end vertices of edge e in G. 

A vertex in G incident to no edge is called an isolated vertex of G. 

A vertex n in G is called an leaf of G if v is incident to exactly one edge of G and this 

edge is not a loop. 

Unless stated otherwise, we assume that a graph has no isolated vertices. 

Given a graph G = (U, E, 0), an element a E V U E, and a set A C U U we say that 
a is incident to A if a is incident to an element of A. 

Given G and v G V{G), the v-star (or a vertex star of G) is the set S{v, G) of edges in G 
incident to vertex v. Let S{G) = {S{v,G) : v G V{G)} (see Figure [^. 

The degree d{y,G) of vertex v in G is the number of non-loop edges in S{v,G) plus 
2-times the number of loops in S{v, G). The function d : U —)■ No such that d{v) = d{v, G) 
for n G U is called the degree function of G and denoted by d{G). 

Let G = iy, E, 0) be a graph, X C V, and Y (1 E. Then G \ X denotes the graph 

G' = {V, E', 0') such that V = V \ X, E' is obtained from E by deleting all edges of G 

incident to at least one vertex in X , and 0' : —)■ ('^) U U' is the restriction of function 0 

on E'. We say that G' is obtained from G by deleting vertex set X. 

Similarly, G \ Udenotes the graph G' = {V, E', 0') such that V' = V, E' = E \ Y, and 

(j)' ■. E' ^ {\) A V is the restriction of 0 on E'. We say that G' is obtained from G by 

deleting edge set Y. 

A graph G' is a subgraph of G, written as G' G, if G' can be obtained from G by 
deleting some edge subset Y and some vertex subset X of G. Obviously, C'^ is a partial order 


7 




on the set of graphs. 


Given a graph G = (V, E, 0) and Y C E, let G{Y) denote the subgraph of G obtained 
from G by deleting all edges in E \ Y and all vertices of G that are incident to no edge 
in Y. We call G{Y) the subgraph of G induced by Y. We also say that Y spans X C V 
in G if X = V{G{Y)). Obviously, if A is a subgraph of G with no isolated vertices, then 
G{E{A)) = A. 

Let Q 2 denote the set of graphs having exactly two vertices, say x and y, of degree 1 and 
all other vertices of degree 2. Then a graph P is called an [x, y)-path (or simply, a path) if P 
is a C®-minimal graph in . Obviously, x ^ y. We call vertices x and y the end-vertices 
of path P and put End{P) = {x,y}. 

Let Q 2 denote the set of graphs with all vertices having degree two. Then a graph G is 
called a cycle if G is a C^-minimal graph in Q 2 - 

Let ^ 2 ’^ denote the set of graphs having exactly one vertex, say x, of degree one, exactly 
one vertex, say y, of degree three, and all other vertices of degree two. Then a graph Q 
is called a lollypop if Q is a C®-minimal graph in Qf ■ We call vertex x the end-vertex of 
lollypop Q, put End{Q) = {x}, and also call Q an x-lollypop. 

X 

» 

{x,y) — path X — lollypop x — cycle 



Figure 3: (x, ?/)-paths, x-lollypops, and x-cycles. 


In a plain language an (x, |/)-path is a graph P = (V, E, 0) with V = {x = Vi,... ,Vn = y} 
and E = {ci,..., e„_i} and (f^Ci) = {uj, Uj+i} for i G {1,..., n — 1}. A graph G is a cycle 
if and only if G can be obtained from an (x, |/)-path by adding a new edge e incident to x 
and y. A graph Q is a lollypop if and only if Q is obtained from disjoint cycle G (possibly, 
a loop) and a path P by identifying a vertex of G and an end-vertex of P. 

Let Cl{G) denote the set of subgraphs of G that are cycles. Let Ct{G) denote the set of 
edge sets of elements in Cl{G). 

Given a graph G and edge e with the end vertices x and y, we say that graph G' is 
obtained from by a subdivision of edge e if G' = (G U xPy) \ e, where xPy is a path and 
V{G) n V{P) = {x, y}. A graph H is a subdivision of graph G if W is obtained from G by 
subdivisions of some of its edges. 

A k-skein, fc > 3, is a subdivision of a graph with two vertices and k parallel edges. A 
3-skein is also called a Q-graph (see Figure]^. 

A dumbbell is a graph obtained from two disjoint cycles G, G', and a path xPx' disjoint 
from G and G' by identifying vertex x with a vertex in G and vertex x' with a vertex in G' 




(see Figure]^. 

A butterfly is a graph obtained from two disjoint cycles C, C" by identifying one vertex 
from C with one vertex in C (see Fignre|^. 
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Let Q 2 denote the set of graphs having exactly two vertices of degree three and all other 
vertices of degree two. Then, obvionsly, a C^-minimal graph in Q 2 is either a 0-graph or a 
dumbbell. 

Let Q\ denote the set of graphs having exactly one vertex of degree four and all other 
vertices of degree two. Then a C^-minimal graph in Q\ is a butterfly. 

A graph G is connected if |ld(G)| > 2 and for every two distinct vertices x and y in G 
there exists an (x, |/)-path that is a subgraph of G. 

A graph G is 2-connected if |ld(G)| > 2, G is connected and has no loops, and one of the 
following holds: 

(al) if |ld(G)| = 2, then \E{G)\ > 2 (i.e. G has at least two parallel edges) and 

(a2) if |ld(G)| > 3, then G \ n is connected for every v G V{G). 

A multi-triangle is either or a graph obtained from by replacing some edges by 
parallel edges. 

A graph G is 3-connected if |ld(G)| > 4, G has no loops and no parallel edges, and G\v 
is 2-connected for every v G V{G). 

A graph G is multi-3-connected if G is either 3-connected or can be obtained from a 
3-connected graph by replacing some of its edges by parallel edges. 

A graph G is k-connected for /c > 4 if |f^(G)| > A: -|- 1, and G \ n is (A; — l)-connected for 
every v & V (G). 

A graph G is of connectivity k for A: > 1 if G is fc-connected but not {k + l)-connected. 


We call a graph G cycle connected if \E{G)\ > 2 and for every two edges a and 6 in G 
there exists a cycle G in G such that a, 6 G E{G). 

A component of a graph G is a C^-maximal connected subgraph of G. Let Gmp{G) 
denote the set of components of G and let |Gmp(G)| = cmp{G). 


A graph G is called cacti-graph if G has no isolated vertices, no leaves, and no cycle 
components. A connected cacti-graph is called a cactus. Let denote the set of cacti- 
graphs and denote the set of connected graphs from and so each member of CQ^ is 
a cactus (for example, the graphs in Figures]^ andand their subdivisions). Given a graph 
G, let ^>c](G) denote the set of subgraphs of G that are members of The class of 
cacti-graphs will play a special role in our further discussion. Obviously, if a graph G is in 
^txi, then every component of G is also in Q^. Therefore every graph that is C^-minimal in 
^txi is also C*-minimal in CQ^. In other words, a graph G is C^-minimal in if and only if 
G is C^-minimal in CQ^. Below (see Glaim 3.2.4) we will show that G is C^-minimal in 
if and only if G is either a 0-graph or a dumbbell or a butterfly. 
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OO CXD 

3-skein dumbbell butterfly 

Figure 4: The structure of the minimal graphs in Q^. 


A subset X of vertices (of edges) in a graph G is called a vertex cut (respectively, an edge 
cut) of G if G \ X has more components than G. A vertex cut (an edge cut) of G consisting 
of one element is called a cut-vertex (respectively, a cut-egde or a bridge) of G. 

It is easy to prove the following claim. 

Claim 2.3.1 Let G be a graph and G' a graph obtained from G by deleting all isolated 
vertices. Then G is cycle connected if and only if G' is 2-connected. 

A tree is a connected graph without cycles. A wheel W = (C, E, (f) is a simple graph 
obtained from a cycle G with at least three vertices by adding a new vertex x (the center of 
W) and the set of edges {e^ : v G V(G) and 0(e^) = {u,a:}}. 

Claim 2.3.2 Let G be a graph with v{G) = v and e(G) = e. Suppose that G is 3-connected 
and has a vertex x such that d{x,G) > e — v. Then G is the wheel with center x, and so 
d{x, G) = V — 1 and d{z, G) = 3 for every z E V (G) \ x. 

Proof Since d{x, G) > e — u, clearly e(G \ x) < e — {e — v) = v and u(G \ x) = v — 1. Since 
G is 3-connected, G — x is 2-connected. Therefore e(G\x) = u — 1, G\xisa cycle, and 
vertex x is adjacent to every vertex of G \ x. Thus, G is the wheel with center x. □ 

Using the arguments similar to those in the above proof it is also easy to prove the 
following claim. 

Claim 2.3.3 Let G be a graph. Suppose that G is 2-connected and has a vertex x such that 
d{x,G) > e(G) — v{G) + 1. Then every cycle of G contains x. 

From Claims [2.3.21 and 12.3.31 we have: 

Claim 2.3.4 Let G be a graph with v{G) = v and e(G) = e. Suppose that G is 3-connected 
and not a complete graph on n vertices. Then one of the following holds: 

(cl) either every vertex of G has degree at most e — v or 

(c2) G has exactly one vertex x of degree e — v + 1 and every other vertex has degree at most 
e — V. 
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Graphs G = (G, E, 0) and G' = (G', E', 0') are equal ii V = V', E = E', and 0 = 0'. 

An isomorphism from G = (V, E, (f) to G' = iV', E', (f') is a pair (i/, e), where 
u -.V ^ V and e ■. E ^ E' are bijections such that = {x, y} ^ 0'(£(e)) = viy)}- 

Graphs G and G' are isomorphic (denoted by G ~ G') if there exists an isomorphism from 
G to G' (or, equivalently, an isomorphism from G' to G). 

Let G = {y,E,4>) and G' = {y\E',4>') with a bijection e \ E ^ E'. Then G and G' 
are called strongly e-isomorphic if there exists a bijection u \ V ^ V such that (z/, e) is an 
isomorphism from G to G'. 

Without loss of generality, we may (and will) consider strongly isomorphic graphs G 
and G' with E = E' (i.e. when e : E ^ E' is the identity function). Namely, given two 
graphs G = (G, E, (f) and G' = (W, E', (f)') with E = E', a strong isomorphism from G to 
G' is a bijection u ■. V ^ V such that = {x,y} ^ = {z/(a;), z/(?/)}. Graphs 

G = {V,E,(j)) and G' = {V',E',(j)') with E = E' are strongly isomorphic if there exists a 
strong isomorphism from G to G' (see Figures]^ and |^. 




B 


C 


A B C 


A B if A and B are strongly isomorphic 


Figure 5: Isomorphic and not strongly isomorphic graphs. 


It is easy to prove the following claim. 

Claim 2.3.5 Let G and G' be graphs and E{G) = E{G'). Then G and G' are strongly 
isomorphic if and only if S{G) = S{G'). 

3 Some auxiliary notions and facts on graphs 

3.1 On the A-function of a graph 

Let Q be the set of hnite graphs and G & Q. In this Section we will establish some 
properties of function A : ^ Z such that A(G) = |i?(G)| — |G(G)|. We will use these 


11 






Figure 6: Strongly isomorphic graphs. 



Figure 7: The vertex stars of a graph 

results on A in the study of so called fc-circular matroids of a graph that will be defined 
later. 

Instead of A(G') we will write simply AG. Let X C E{G) and G{X) be the subgraph of 
G induced by X. Then A(G'{X)) = |X| - |1/(G{X))|. 

We start with the following simple observation. 

Claim 3.1.1 Let G be a connected graph. IfG has no cycle [i.e. G is a tree), then AG = —1. 
If G has exactly one cycle, then AG = 0. Graph G has at least two cycles if and only if 
AG > 1. 

It is also easy to see the following: 

Claim 3.1.2 Let G be a graph. Then AG = ^{AA : A G Gmp{G)}. 

From Claims [3.1. II and 13.1.21 we have: 
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Claim 3.1.3 Let G he a graph and t{G) the number of tree components of G. Then G has 
a component with at least two cycles if and only if AG + t{G) > 1. 

Claim 3.1.4 Let A he a connected subgraph of G and 0 7 ^ X C E{A). Then 
AG{X) < AA. 

Proof If X = E{A), then our claim is obviously true. So we assume that 0 7 ^ X C E{A). 
Let ^ = l/(hl)\l/(G(X)). 

First, suppose that 5 = 0. Since |X| < \E{A)\, we have: 

AG{X) = \X\ — |1/(G(X))| < |i?(A)| — |P(A)| = AA. Therefore our claim is true. 

Finally, suppose that S ^ tj). Since X 7 ^ 0 and A is connected, there are at least |5| edges 
of E{A) \ X that are incident to 5, and so \E{A) \ X| > |5|. Then 

AA = \E{A)\- |P(A)| = |X| + \E{A) \ X\ - i\V{G{X))\ + |5|) = 

AG(X) + \E{A) \X\- |5| > AG(X). □ 


Claim 3.1.5 Let E he a subgraph of G such that no component of E is a tree. Then 
AG{X) < AE for every subset X of E{E). 


Proof (uses Claim [3X^ 

Let X C E{E) and Gmp{E) be the set of components of E. 

Let = {A e Gmp{E) : E{A) n X ^ 0}. Then AG{X) = AG{E{A) n X). 
By Claim 3.1.4| AG{E{A) fl X) < AA for every A G 7^. 


Also, since every component of E is not a tree, AA > 0 for every A G Gmp{E) \ TZ. 
Thus, 


AG{X) = J2{AG{E{A) n X) : A G 7^} < : A G 7^} 

< ^ e Gmp(E)} = AE. 


□ 


Now we will describe a discrete analog of the classical Intermediate Value Theorem on a 
continuos function. 


A pair E = (V, E) is called a directed graph (or simply, a digraph) if V is a non-empty 
hnite set and E C {{x,y) : {x,y} C V and x 7 ^ y}. The elements of V and E are called 
the vertices and arcs of D, respectively. A vertex n in H is called minimal (maximal) if 
(x, v) ^ E (respectively, (v, x) ^ E) for every x E V. 

Given n,m E and n < m, let [n, m] = {x E Z : n < x < m}. 


Theorem 3.1.6 Discrete Intermediate Value Theorem 

Suppose that digraph D = (V, E) and function / : V —>■ Z satisfy the following conditions: 
(dl) D has no directed cycles, 

(d2) D has exactly one minimal vertex p and exactly one maximal vertex b, and 
(d3) f{p) < f{b) and \f{x) - f{y)\ < 1 for every {x,y) E E. 

Let R = {f{v) :vEV}. Then [f{p),f{b)] C R. 
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Proof Suppose, to the contrary, that [f{p),f{b)] ^ R, i.e. the exists r G [f{p),f{b)] \ R. 
Obviously, f{p) < r < /(&)}. Let V' = {v e V : f{v) < r}. Clearly, p & V' and b ^ V'. 
Therefore V' ^ 0. Let D' = D\{V \ V), and so V (D) = V'. Since b ^ V', digraph D' has a 
maximal vertex, say x. Since x ^ b, clearly x is not a maximal vertex in D. Therefore there 
exists z & V \ V' such that (x, z) is an arc in D. Since 2 ; G P \ P', we have: f(z) > r. If 
f{z) > r, then f{z) — f{x) > 2. However, {x,z) E E ^ \ f{x) ~ /(^)l < 1; a contradiction. 
Therefore f{z) = r, and so r G i?, a contradiction. □ 

Claim 3.1.7 Let G = (y,E,(f)) be a graph. If X C E and e E X, then 
\XG{X) - XG{X\ e)\ < I, i.e. XG{X) - XG{X\ e) E {-1,0,1}. 

Proof The graph G{X \ e) has one fewer edge than G{X) and either zero or one or two 
fewer vertices. □ 


From Theorem 3.1.6|and Claim 3.1.7 we have, in particular: 


Claim 3.1.8 Let G = (V, E, cf) and AG = 6 > —1. If at least one edge in E is not a loop, 
then for each i G { —1,...,5} there exists X E such that AG{X) = i. 


Proof (uses Theorem |3.1.6| and Claim |3.1.7[) 


Let V = {y,£) be the digraph such that V = 2® and if A, Z G V, then (A, Z) E £ ^ 
X E Z and |Z \ A| = 1. Obviously, digraph V has no directed cycles and has exacly one 
minimal vertex p = {0} and exactly one maximal vertex b = {E}. Therefore digraph R 


satishes conditions (dl) and (d2) of Claim 3.1.6 

Let function / : V —?• Z be dehned as follows: /(A) = AG(A) for X E E and A 7 ^ 0, 
and so f{E) = 6 . Put /(0) = —1. 

Obviously, for e G we have: /({e}) = —1 if e is not a loop and /({e}) = 0 if e is a 
loop. Hence in both cases |/({e}) — /(0)| < 1. Also if A C F' and |A| > 2, then by Claim 
|/(A) — /(A \ e)| < 1. Thus, function / : V —)■ Z satishes condition (dd) in Theorem 
Therefore our claim follows from Theorem 13.1.61 □ 


3.1.7 


3.1.6 


3.2 Splitter theorems for cacti-graphs 


First we will remind the following known theorem which is very easy to prove. 


Theorem 3.2.1 Splitter Theorem eor 2-connected graphs 

Let G be a 2-connected graph and Go a proper 2-connected subgraph of G. Then there 
exists a seguence (Pi,..., Pr) of paths in G and a seguence (Go, Gi,..., G,.) of 2-connected 
subgraphs of G such that Gr = G, and Gi = Gi-i U Pi, where V{Gi-i) fl V{Pi) = End{Pi) 
for every z G {1,..., r}, and so Gj_i Gi and AGi — AGj_i = 1. 


As in Section 2.3, (C^m) is the set of graphs (respectively, connected graphs) with no 


isolated vertices, no leaves, and no cycle components, i.e. the set of cacti-graphs, (respec¬ 
tively, connected cacti-graphs). Notice that if graph G is 2-connected and it is not a cycle, 
then G G CQ^. 


It turns out that similar Splitter Theorems are also true for the graph classes and 
Q^. These theorems will be important for our further discussion. 
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Theorem 3.2.2 Splitter theorem eor a cactus 

Let G and Gq be connected graphs. Suppose that G G and Gq is a subgraph of 

G such that either Gq G CQ,xi or Gq is a cycle. Then there exist seguences {Pi,..., Pr) 
and {Go,Gi,... ,Gr) of subgraphs of G such that Gr = G, every Gi G every Pi is 

either a path or a cycle or a lollipop (see Figure and for every i G {1,... ,r}, we have: 
Gi = Gj_i U Pi, where 

(р) V{Gi-i) n V{Pi) = End{Pi) if Pi is a a path, 

(1) V{Gi-i) n V{Pi) = End{Pi) if Pi is a lollipop, and 

(с) \V{Gi_i) nV{Pi) \ = 1 if Pi is a cycle, 
and so Gi-i Gi and AGi — AGi-i = 1. 


We call the sequence (Go C® Gi C® ... C® Gr = G) in the above theorem an ear-assembly 
of a graph G in starting from Gq and each Pi an ear of this ear-assembly. 


Proof of Theorem |3.2.2| , We will hrst consider the case when Go G The case when 

Go is a cycle will follow easily from the hrst case. 


(pi) Suppose that Gq G Suppose, to the contrary, that our claim is not true. Our 

theorem is vacuously true if G = Go. Suppose that Gk is a maximal subgraph of G such 
that our claim is true for Gk, and so there exist sequences (Pi,..., Pu) and (Go,..., Gk) 
satisfying all the conditions of our theorem. Then Gk G and Gk is a proper subgraph 
of G (i.e. Gk G). We will get a contradiction by showing that there exist subgraphs Pk+i 
and Gk+i of G such that Gk U Pk+i = G^+i, G^+i G and pair {Gk, Pk+i) satishes one of 
conditions (p),(l), (c). 

Since G is connected and Gk is a proper subgraph of G, there is a path xPy in G such 
that X G V{Gk) and V{P) fl V{Gk) P {x,y}. We can assume that xPy is a maximal path 
with the above mentioned properties. 

First, suppose that V{P) fl V{Gk) = {x,y}. Put xPy = Pk+i and G^+i = G^, U Pk+i- 
Then G^+i G CQ^, Gk+i G, and pair {Gk,Pk+i) satishes condition (p). 

Finally, suppose that V{P) fl V{Gk) = x. Since G G CQ^, vertex y is not a leaf in G. 
Hence there exists edge e = yz m. G \ {Gk U P). Since xPy is a maximal path with the above 
mentioned properties, vertex 2 ; is in P. 

If z ^ X, then P U e is a lollipop. Put P^+i = P U e and G^+i = G^ U P^+i. Then 
Gk+i G Gfc+i G, and pair {Gk,Pk+i) satishes condition (1). 

If z = X, then PUe is a cycle. Put P^+i = PUe and G^+i = G^UPfe+i. Then G^+i G CQix,, 
Gk+i G, and pair (Gfc,Pfc+i) satishes condition (c). 

(p2) Now suppose that Gq is a cycle. The arguments similar to those in (pi) show that 
there exist subgraphs Pi and Gi of G such that Gq U Pi = Gi, Gi G and pair (Gq, Pi) 
satishes one of conditions (p),(l), (c). Now put in (pi) Go := Gi. Then by (pi), our 
theorem is true for Go := Gi, i.e. there exists ear assembly (Gi C® G 2 C'^ ... Gr = G). 
Then (Go C'^ Gi Gr = G) is an ear assembly in of G starting from Go. □ 


In order to formulate and prove a Splitter Theorem for we need some preliminaries. 
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Definition 3.2.3 A graph D is a bicycle if D is a connected graph with no leaves and with 
AD = 1. 


Now we can describe the structure of graph-bicycles. 


Claim 3.2.4 A graph D is a bicycle if and only if D is either a Q-graph or a dumbbell or 
a butterfly (see Figure]^. 


Proof (uses Theorem [3^2^ ) 

Obviously, a ©-graph, a dumbbell, and a butterfly is a bicycle. It remains to prove that 
every bicycle D is either a ©-graph or dumbbell or a butterfly. Since D is a bicycle, D is 
connected, has no leaves, and AD = 1. Therefore D G and AD = 1, and so D has a 
cycle C and AC = 0. Therefore our claim follows from Theorem 3.2.2 when Go is a cycle, 
Gi = D, and r = 1. □ 


It turns out that every graph G in has bicycles and, moreover, graph G has some 
special bicycles. 


Claim 3.2.5 Suppose that G is a graph in CQi^. Then for every two edges a, b in G there 
exists a bicycle in G containing a and b. 


Proof By Claim 3.2.4 it is sufficient to prove that G has either a ©-graph or a dumbbell 
or a butterfly containing a and b. 


(pi) Suppose that G has two cycles G, C' such that a, 6 G E{C U G'). We can assume that 
{a,6}nE(G) ^0. 

Suppose first that \V{C) fl V{C')\ > 2. Then in C' there exists a path P such that 
V (G) n V (F) = End{P) and D = C U P contains both a and b. Then F is a ©-graph in G 
containing a and b. 

Now suppose that \V{C) fl V{C')\ < 1. Since G is connected, there exists a path xPx' 
in G (possibly, x = x') such that V{C) fl V{P) = x and V{C') fl V{P) = x'. If \V{P)\ = 1, 
then F = G U G' is a butterfly in G containing a and b. li \ V (F) | > 2, then F = G U F U G' 
is a dumbbell in G containing a and b. 

(p2) Next suppose that G has a cycle G containing exactly one of a, b, say a, and b belongs 
to no cycle in G. Since G is connected, there exists a path xPx' such that b G F(F) and 
V (G) n V (F) = X. Since G G clearly G has no leaves, and therefore F belongs to a 
lollypop L in G such that V{C) fl V{E) = End{L). Since b belongs to no cycle in G, graph 
G U F is a dumbbell containing both a and b. 


(p3) Finally, suppose that neither a nor b belongs to a cycle in G. Since G is connected, 
there exists a path F in G containing a and b. Since G G clearly G has no leaves, and 
therefore F belongs to two lollypops L and D in G. Then LUFUL' is a dumbbell containing 
a and b. □ 


Now we will formulate and prove a Splitter Theorem for graph class ^tx,. 
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Theorem 3.2.6 Splitter theorem eor a cacti-graph 

Let G,Go G Suppose that Gq is a subgraph of G. Then either G = Gq or there 
exist sequences (Pi,..., Pr) and {Gq, Gi, ..., Gr) of subgraphs of G such that Gr = G, every 
Gi G every Pi is either a path or a cycle or a lollipop (see Figure or a bicycle, and 
for every z G {1,... , r}, we have: Gi = Gi-i U Pi, where 

(р) V{Gi-i) n V{Pi) = End{Pi) if Pi is a a path, 

(1) V{Gi_i) n V{Pi) = End{Pi) if Pi IS a lollipop, 

(с) \V{Gi-i) ni/(Pi)| = 1 if Pi is a cycle, and 
(b) V{Gi-i) n V{Pi) = th if Pi is a bicycle, 
and so Gi_i C® Gi and AGi — AGj_i = 1. 


Proof (uses Theorem |3.2.2[) 


Suppose, to the contrary, that our claim is not true. Our theorem is vacuously true if 
G = Gq. Suppose that Gk is a maximal subgraph of G such that our claim is true for Gk, 
and so there exist sequences (Pi,..., Pk) and (Go, • • •, Gk) satisfying all the conditions of 
our theorem. Then Gk G and Gk is a proper subgraph of G (i.e. Gk G). We will 
get a contradiction by showing that there exist subgraphs P^+i and G^+i of G such that 
Gk U Pfc+i = Gfc+i, Gfc+i G and pair (GA;,Pfc+i) satishes one of conditions (p),(l), (c), 
(b). 


(pi) Suppose that G has a component A disjoint from Gk- Since G 


By Claim 3.2.5, A has a subgraph-bicycle B. Put P^+i = B and G^+i 
Gfc+i G ^txi, Gfc+i C® G, and pair (Gfc,Pfc+i) satishes condition (b). 


G ^ixi, also A G Gtxi- 
= Gfc U Pfc+i. Then 


(p2) Now suppose that G has no component disjoint from Gk- Since Gk is a proper subgraph 
of G, there are components A of G and Ak of Gk such that Ak is a proper subgraph of A. 
Since G, Gk G also A, Ak G G\xs- Therefore A, Ak G CGtx- Now our claim follows from 
Theorem 3.2.2 applied to A and Ak- □ 


We call the sequence (Go C* Gi Gr = G) in the above theorem an ear-assembly 

of a graph G in Gb<i starting from Go and each Pi an ear of this ear-assembly. 


From Splitter Theorem 3.2.6 and Claim 3.2.5 we also have the following useful specihca- 
tion of this theorem. 


Theorem 3.2.7 Let G G Gtx and a, b edges in G. 

If a and b are in the same component of G, then either G = Gq or there exists an ear- 
assembly (Go Gi Gr = G) of graph G such that a and b are edges of Gi, 

Gi G ^txi, and AGi = * + 1 for every z G {0,..., r}, and so, in particular. Go is a bicycle. 

If a and b are in different components of G, then either G = Gi or there exists an ear- 
assembly (Gi G 2 Gr = G) of graph G such that a and b are edges of Gi, 

Gi G Gc>a, and AGi = z -|- 1 for every i G {1,..., r}. 
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Corollary 3.2.8 Let G G and a,b G E{G). 

If a and b are in the same component of G, then for every G {1,..., AG} there exists 
a subgraph F of G such that a,b E E{F) , F E and AF = k. 

If a and b are in different components of G, then for every k E {2,..., AG} there exists 
a subgraph F of G such that a,b E E{F), F E and AF = k. 


Here is another characterization of bicycles. 


Claim 3.2.9 A graph D is a bicycle if and only if D is a C^-mininial graph in 


Proof (uses Theorem |3.2.6| and Claim |3.2.5[) 


(pi) Suppose that H is a bicycle. By Claim 3.2.4, D is either a 0-graph or a dumbbell or a 
butterfly. It is easy to check that every such graph is in Therefore D E 

We prove that H is a C®-minimal graph in Suppose not. Then there exists graph 
Do in such that Dq is a proper subgraph of D. By Theorem 3.2.6 , there exists an ear 
assembly (Dq Di .. . C® Dr = D), where AD* — ADj_i = 1 for every i G {1,..., r}. 
Therefore ADq < AD. Since AD = 1, we have: ADq < 1. Hence Dq has a component with 
at most one cycle implying that Do ^ a contradiction. Therefore D is a C*-minimal 
graph in 

(p2) Now suppose that D is a C^-minimal graph in Let A be a component of D. Since 
D E also A G By Claim 3.2.5[ graph A contains a bicycle Q which is a subgraph of 
D. Since D is a C^-minimal graph in we have: D = Q, and so D is a bicycle. □ 


3.3 On the core and the kernel of a graph 

In this Section we will give a dehnition and establish some properties of the core and the 
kernel of graphs. 

For a graph A, let IZa = {X C E{A) : A 7 ^ 0 and AA{X) = AA}. 


Claim 3.3.1 Let A be a connected graph with at least one cycle. Then IZa has 
the F-minimum element (denoted by) Aiin{IZA)■ 


Proof (uses Claim [3kL4| and pi.1.5[ ) 

Let Aq = A and dehne recursively A^, for s > 1, to be the graph obtained from Ag-i 
by deleting all leaves in Ag-i. Consider r > 0 such that A^ has no leaves. Obviously, A^ is 
a connected graph, E{Ar) 7 ^ 0 and AA^ = AA. We claim that E{Ar) is the C-minimum 
element in IZa- Suppose, to the contrary, that E{Ar) is not the C-minimum element 
in IZa, he. there exists X G IZa such that E{Ar) \ A 7 ^ 0. Since A G IZa, we have: 
0 7^ A C E{A) and AA(A) = AA. Since E(Ar) \ A 7^ 0, there exists e G E{Ar) \ X. If the 
graph A \ e is connected, then by Claim 3.1.4, AA{A) < A(A \ e) < AA. If A \ e is not 
connected, then A \ e has two components. Since e G E{Ar), both components of A \ e have 
cycles. Therefore, by Claim 3.1.5, AA(A) < A(A \ e) < AA. In both cases, AA{A) < AA, 
a contradiction. □ 


Remark 3.3.2 If a graph A is a tree with at least two edges, then IZa has no C-minimum 
element. 
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Definition 3.3.3 The kernel oe a graph 


If T is a connected graph with at least one cycle, then let [TJ denotes the subgraph of 
A induced by the edge subset M.in{lZA) defined in Claim 3.3.1, and so M.in{lZA) = 

If F is a non-connected graph, then put \_F\ = U{[TJ : A G Cmp{G) and AT > 0}. 

Graph [GJ is called the kernel of graph G. If F is a forest, then the kernel of F is not 
defined. 


Definition 3.3.4 The core of a graph 

Let G be a graph. Suppose that G has a component with at least two cycles. Put 
[G] = U{[TJ : A e Gmp{G) and AT > 1}. Graph [G] is called the core of graph G. If every 
component of G has at most one cycle, then the core of G is not defined. 


For a graph T, let Qa = {X C F(T) : T(A) has no leaves}. 


Claim 3.3.5 Let A be a connected graph with at least one cycle. Then Qa has 

the F-maximum element Aiax{Q a)■ Moreover, AAox^Qa) = M.in{flZA) and G is a subgraph 

of [TJ for every cycle G in A. 


In that proof we have shown 


Proof (uses Claim |3.3.1[ ) 

Let Ay be the graph defined in the proof of Claim 3.3.1 
that [TJ = Tj,. It is clear that T^ has no leaves. Also, any subgraph of T containing F(Tj,) 
and at least one edge in F(T) \ E{Ar) contains a leaf. Therefore, E{Ar) is a C-maximal 
element in Qa. It is also clear that any set that is an element in Qa is a subset of E{Ar). 
Hence E{Ar) is the C-maximum element in Qa. □ 


Let, as above, 

T^g = {X C E{G) -X^tband AG{X) = AG} and 
Qg = {X C F(G) : G{X) has no leaves}. 


Claim 3.3.6 Let G be a non-connected graph such that every component of G has at least 
two cycles. Then 

MinifRc) = A{M.iniflZA) '■ A E Gmp(G)} = 

U{Max(QA) : A E Gmp(G)} = MaxiQc) = F[G]. 


Proof (uses Claims pl.l.2| and |3.3.5| ) 

The first equality follows easily from Claim 3.1.2 The second equality follows from Claim 
3.3.5 The last equality follows from the fact that a graph has no leaf if and only if every 
component of the graph has no leaf. □ 


We recall that is the set of graphs with no isolated vertices, no leaves, and no cycle 
components. Given a graph G, let ^ixi(G) denote the set of subgraphs of G that are members 
of 

From Claims [3.3.51 and 13.3.61 we have: 
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Theorem 3.3.7 Description of the core of a graph 

Let G be a graph having a component with at least two cycles. The following are eguiva- 
lent: 

(al) F is the core ofG, 

(a2) F a unigue -maximum element in Q(^{G), and 

(a3) if G' is the graph obtained from G by removing all tree components, then F is the only 
element in Qc^{G) {or, eguivalently, in Gc^{G')) such that AF = AG'. 


Remark 3.3.8 Let G be a graph. Then 

(cl) if G has a tree component, then TZg has no C-minimum element, 

(c2) if G is not connected, G has no tree component, and every component of G has exactly 
one cycle, then again TZq has no C-minimum element, and 


(c3) if G has no tree component but G has a component with exactly one cycle and also a 
component with at least two cycles, then M.in{lZG) exists and Aiin{7lG) C M.ax{QG). 


Thus, Claim 3.3.6 provides a necessary and sufficient conditions for M.in{7lG) = M.ax{QG). 


Claim 3.3.9 Let A be a connected graph with at least one cycle and e G E{A). Then 
(cO) e G E[A\ if and only if both end vertices of e belong to \_A\, 

(cl) if e ^ then A\e has two components and exactly one of them is a tree and the 

other component contains [AJ, 

(c2) if A has one cycle and e G E[A\, then A\e is a tree, 

(c3) if A has at least two cycles and e G E[A\, then every component of A\e contains a 
cycle, and 

(c4) if A\e has two components and v E V [AJ , then the component of A\e containing v is 
not a tree. 


Proof (uses Dehnition |3.3.3| and Claims |3.1.4| and |3.3 1[ ) 

(pO) We prove (cO). Clearly, if e G EyA\, then both end vertices of e belong to [AJ. Now 
suppose that both end vertices of e belong to [AJ but e ^ Then A([74J U e) = 

A [AJ + 1 = AA + 1. Since [AJ U e is a subgraph of A, by Claim 3.1.4| A( [AJ U e) < AA, a 
contradiction. 


(pi) We prove (cl). First we claim that A\e is not connected. Suppose, to the contrary, y4\e 
is connected. Then A(y4\e) = AA — 1. By Claim 3.1.4, X C E{A\e) ^ AA{X) < AA — 1. 
Let D = E\_A\. Then by Claim 3.3. 1| and Dehnition 3.3.3| AA{D) = AA. Therefore 
E[A\ = D E{A \ e), and so e G E[A\, a contradiction. 

Now since A is connected and A\e is not connected, we have: A\e has two components 
Al and A 2 , and clearly, one of them, say A 2 = A \ Ai, has a cycle. We claim that Ai is a 
tree. Indeed, if not, then again A(A\e) = AA — 1, and as above, e G E[A\, a contradiction. 

Since Ai is a tree and e has one end-vertex in Ai and the other end-vertex in A 2 , we 
have: AA = A(A\Ai) = A(A 2 ). Therefore, by Claim 3.3.1 and Dehnition 3.3.3, A 2 contains 
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E[A\. 

(p2) We prove (c2). Since A has one cycle C, then E[A\ = E{C), and so A \ e is a tree. 


(p3) We prove (c3). If 74\e is connected, then obviouly A\e contains a cycle. So we assume 
that A \ e is not connected. Then ^4 \ e has two components, say Ai and A 2 and e has one 
end-vertex in Ai and the other end vertex in ^42, and so e ^ E{A\Ai). Clearly, at least one 
of Ai and A 2 , say A 2 = A \ Ai, contains a cycle. 

Now, suppose to the contrary that Ai has no cycle, i.e. Ai is a tree. 

Then Ay4 = A(y4 \ Ai) = A(A 2 ). By Claim 3.3.1 and Dehnition 3.3.3, the core of A is an 


edge subset of A 2 . Therefore e ^ E[A\, a contradiction. 


(p4) Finally, we prove (c4). 

First suppose that e ^ Then by (cl), A \ e has a component D containing T^[AJ. 

Since [AJ has at least one cycle, clearly D also has a cycle. Since vertex v is incident to 
£'[AJ, then v is in D. 

Now suppose that e G E[A\. Since A \ e has two components, by (c2), A has at least 
two cycles. Then, by (c3), every component of A \ e contains a cycle. □ 


From Claim 3.3.9 (cl) and (c3) we have: 


Claim 3.3.10 Let A he a connected graph with at least two cycles and e G E{A). Then the 
following are eguivalent: 

(al) e G F^[AJ = E[A] and 

(a2) every component of A\e has a cycle {or, equivalently, A \ e has no tree component). 


From Claim 3.3.10 we have the following characterization of the edges in a graph belong¬ 
ing to the core. 


Theorem 3.3.11 Let G be a graph, t{G) the number of tree components of G, and Y{G) = 
{a G E{G) : t{G \a) > t{G)}. Suppose that G has a component with at least two cycles. 
Then the following are equivalent: 

(al) e G E[G] and 

(a2) e G E{G)\Y{G). 


Proof (uses Definition 3.3.4 and Claims 3.3.9 and 3.3.10) 


If G is connected, then our claim follows from Claim [3.3.10 
connected. 


So we assume that G is not 


3.3.4 


First, we prove (al) ^ (a2). Suppose that (al) holds, i.e. e G E[G]. Then by Definition 
e E E [AJ, where A is a component of G with at least two cycles and [AJ = [A] . Then 
A \ e has no tree component, and so t{G \e) = t{G). Thus, e ^ Y{G). 


by Claim 3.3.10 


Therefore (a2) holds. 

Now we prove (a2) ^ (al). Suppose that (a2) holds, i.e. e G E{G) \ Y{G). Then 
t{G \ e) = t{G). Let A be the component of G containing e. Since t{G \ e) = t{G), 
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component A has at least two cycles. We claim that e G EyA\. Suppose, not. Then by 
Claim 3.3.9 (cl), y4\e has a tree component, say T. Then T is a component of G\e. Clearly, 
T is not a component of G because T is a subgraph of the component A of G. Therefore 
t{G\e) > t{G), a contradiction. Thus, e G E\_A\ = E[A], and therefore e G E[G]. Therefore 
(al) holds. □ 


4 On the /c-circular matroid of a graph 

In this Section we will introduce and study the properties of the so called k-circular 
matroid Mk{G) of a graph G, where fc is a non-negative integer. We will see, in particular, 
that (as before) Mq{G) is the cycle matroid of graph G and MiifG) is the bicircular matroid 
of graph G. 

The results of this Section will provide, in particular, a proper basis for our study of the 
problem {WP)k on describing the classes of graphs with the same fc-circular matroids. 

4.1 Circuits of the /c-circular matroid of a graph 

Definition 4.1.1 Non-decreasing and submodular eunctions 
Let be a hnite set. Consider function / : 2^ —)■ Z. 

Function / is called non-decreasing if X C Y C E ^ f{X) < f(Y). 

Function / is called submodular if X CY Y E ^ f{X U F) -|- f{X fl F) < f{X) /(F). 

Theorem 4.1.2 (J. Edmonds and G.-C. Rota [^, see also [lo] ) 

Let E be a finite set and f : 2^ ^ Z be a non-decreasing and submodular function. Then 
C{f) = JYlin{G C E : C 7 ^ 0 and \G\ > f{G)} is the collection of circuits of a matroid on 
E. 


Notice that if f{X) < 0 for every X Y E, then C{f) = 0, and therefore E is the only 
base of the matroid on E induced by function /. 


The following is a simple strengthening of Theorem 4.1.2 


Claim 4.1.3 Let E be a finite set and f : 2^ ^ Z be a non-decreasing and submodular 
function. Then C{f) = JYlin {G Y E ■. G and \G\ = f{C) + 1}. 


Proof Let U = {G Y E ■. G ^ fh and ICI > f{G)} and V = {G Y E : G ^ % and \G\ = 
/(C) -|- 1}. It is clear that V YU. We want to show that M.in U = Aiin V. 

(pi) First we prove that Aiin U Y JLiin V, i.e. that every minimal element of U is also a 
minimal element of V. Let X ^ AdinU. 

First we show that X G V. Since X G M.in U, clearly X G W, and therefore X 7 ^ 0. Let 
e G X. By minimality of X in W, |X| — 1 = |X \ e| < /(X \ e). Since / is a non-decreasing 
function, /(X \ e) < /(X). Since X G W, clearly /(X) < |X|. Now since in addition, / is 
an integer-valued function, we have: /(X) < |X| — 1. Thus, |X| — 1 = |X \ e| < /(X \ e) < 
/(-^) < — 1- R follows that |X| = /(X) -|- 1, and so X G V. 
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Now we will show that X is a minimal element of V, i.e. that X G Xiin V. Suppose, 
not. Then there exists Y G X such that X G V. Since V YU, we have: Y eV and Y G X. 
Therefore X ^ Xiin lA, a contradiction. 

(p2) Now we will prove that Xiin U Y Xiin V. Let Y G Xiin V. Since V YU, clearly 
Y eU. Since W is a hnite family, Y must contain a subset, say Z, which is a minimal element 
in U. However, we have proved in (pi) that Xiin U Y Xiin V, and therefore Z G Aiin V. 
It follows that Y = Z E Aiin U. 

Thus, Xiin U = Xiin V. □ 

Consider a function /^ : 2^ —)■ Z such that fk{X) = |H(G(X))| — 1 + fc for every X E 2^. 
It is easy to see that the following is true. 

Claim 4.1.4 ( |^, see also ) 

Let G = {V,E,(j)) be a graph and fc > 0. Then fk is a non-decreasing and submodular 
function. 


From Claims 14.1.31 and 14.1.41 we have: 

Claim 4.1.5 Let G = {V,E,(j)) be a graph and fc > 0. Then 
Ck{G) = Min {C C E : C ^ 0 and |C| = |H(G(C))| + k} 
is the collection of circuits of a matroid on E. 


Definition 4.1.6 The fc-ciRCULAR matroid of a graph 

We call the matroid described in Claim 4.1.5| by the set Ck{G) of its circuits the k-circular 
matroid of G and denote it Mk{G). Let Vk{G), Zk{G), Bk{G), and Cl{G) denote the families 
of dependent sets, independent sets, bases, and cocircuits of MkiG), respectively. 


It is easy to see that (as above) Mq{G) is the cycle matroid of a graph G. As we will see 
below, matroid Mi{G) is the bicircular matroid B{G). 

From Claim It 1.51 we have: 

Claim 4.1.7 Let G = (y,E,(l)) be a graph and fc > 0. Then 
Ck{G) = Min {G YE -.G and AG{G) = k}. 

As in Section 1, is the set of graphs with no isolated vertices, no leaves, and no cycle 
components, i.e. the set of cacti-graphs. 


Theorem 4.1.8 Structure of graph induced by a circuit of Mk{G) in G 

Let G = (V, E, (f) be a graph. Let G Y E and k > 1. Then the following are eguivalent: 
(cl) G E Ck{G) and 

(c2) AG{G) = k and G{G) E i.e. G{G) has no isolated vertices, no leaves, and every 
component of G{G) has at least two cycles. 
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Proof (uses Claim |4.1.7[ ) 

Obviously, a connected graph A has at least two cycles if and only if A A > 1 . 

(pi) First we prove (cl) (c 2 ). By Claim |4.1.7[ AG{C) = k. Also, if e is a pendant edge 
of G{C), then clearly, AG{G) - AG{G \ e) E {-1,0}. Therefore AG{G \ e) > AG{G), 
contradicting minimality of G. Hence G{G) contains no leaves. 

Let A be the set of components of G{G). Clearly, E{A) ^ 0 for every A E A, 

G = and V{G{G)) = [j^^^V{A). Then 

AA = - |H(A)|) = EAe.4 l^(^)l - EAe.4 l^(^)l 

= |C| - \V{G{G))\ = AG{G) = k>l. 


Therefore, = AG{G) > 1. 

If |A.| = 1, then AA > 1, where A is the unique component of (^[0]. Now suppose that 
|A| > 2 and let A' G A. Then the set of components of G{G \ E{A)) 

is A' = A \ (A'}. Therefore 

AG{G \ E{A)) = Y.a^^' AA = E^e .4 AA - AA = AG{G) - AA'. 

Thus, if AA' < 1 , then AG{G \ E{A')) > AG{G) = k, contradicting minimality of G. 
Hence every component A of G{G) has at least two cycles. 


(p2) Finally, we prove (cl) <^= (c2). Consider G O E satisfying (c2). Then AG{G) = k, 
where k > 1. Therefore C 7 ^ 0. Hence G is an element of set V = {Z O E : Z ^ 
0 and AG{Z) = k}. It remains to show that C is a minimal element in V. 

We hrst prove the following 

Claim. If A is a component of G{G) and X c E{A), then AG{X) < AA. 

Proof If A = 0, then AG{X) = 0 < 1 < AA. So we assume that A 7 ^ 0. 

Let S = V{A) \ V{G{X)). If ^ = 0, then V{G{X)) = V{A) and since |A| < |.F(A)|, 
we have: AG{X) = |A| — |1/(G(A))| < |T^(A)| — |H(A)| = AA. So we assume that S' 7 ^ 0. 
Since A 7 ^ 0 and A is connected and has no leaves, there are at least |S| +1 edges of F^(A) \ A 
that are incident to vertices in S', and so \E{A) \ A| > [S']. Then 

AG{E{A)) = E{A) - V{A) = |A| + \E{A) \ X\ - {\V{G{X))\ + |S|) 

= AG'(A) + |F;(A) \ A| - 1^1 > AG'{A) + 1 > AG'{A). 0 

Now we prove that C is a minimal element in V, namely, that 
Z cG and Z Z i.e. AdZ) < k. 

Let A be the set of components of G{G). Put Za = Z A E{A) for A G A. Then 

AG(Z) = |Z| - |V'(G{Z))| = \z n B(A)| - ^^£.4 ir(G(Z)) n v{A)\ = 
E(A)\-\v(G{Z))n v(A)\) = Y.A^^i^G(ZA. 

Since Z C A, we have: Z^ C A for some A G A. Now by the above Claim, 

AG(Z) = E4«AG{Z4)< E.464iAA = AG{C> = fc. □ 
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We remind that a graph i? is a bicycle if and only if i? is a connected graph with no 
leaves and AR = 1 (see Figure]^. 


From the dehnition of a bicycle, Claim 3.2.9 and Theorem |4 .1.8 1 we have: 


Claim 4.1.9 C G Ci{G) if and only if G{C) is a bicycle (see Figure]^. 


Remark 4.1.10 There is an essential difference between bicircular matroid Mi{G) and 
fc-circular matroid Mk{G) for k > 2. Namely, every circuit of Mi{G) induces a connected 
subgraph in G. Therefore if Mi{G) is a connected matroid, then G is a connected graph. 
On the other hand, if A: > 2, then Mk{G) may have a circuit that induces a non-connected 
subgraph in G. Therefore for k >2 matroid Mk{G) may be connected although graph G is 
not connected. 


A circuit G of M^ifG) is called graph-connected if the graph induced by G in G is con¬ 
nected. 

Matroid M 2 (G) is called a tricircular matroid. The connected circuits of tricircular 
matroids are subdivisions of graphs in Figure The non-connected circuits of tricircular 
matroids are pairs of disjoint subdivisions of graphs from {S', H, R} in Figure]^ 



The graph structures of the circuits 


of bicircular matroids 


Figure 8: Bicycles (up to subdivisions). 
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The graph structures of the connected 
circuits of tricircular matroids 


Figure 9: Connected tricycles (up to subdivisions). 
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Theorem 4.1.11 Recursive description of a circuit of M ^ iG ) 

Let G = {V,E,(j)) be a graph. Let G E and k >1. If k = 1, then G G Ci{G) if and 
only if G{G) is a bicycle. If k>2, then the following are eguivalent: 

(cl) G G Ck{G) and 

(c2) there exists G' G Ck-i{G) such that G{G) = G{G') U P, where P is either a path or a 
cycle or a lollipop (see Figure or a bicycle and 

(l,p) V{G{G')) n V{P) = End{P) if P is a lollipop or a path, 

(c) \V{G{G')) nR(P)| = 1 if P is a cycle, and 

(b) R(G(C")) n V{P) = tl)ifPisa bicycle. 


Proof (uses Theorems 3.2.6 and 4.1.8 and Claim 3.2.7) 


If /c = 1, then by Claim 4.1.9, G G CiiG) if and only if G{G) is a bicycle. So we assume 
that k >2. 

First, we prove (cl) ^ (c2). Let G G Ck{G). Then by Theorem 4.1.8| AG{G) = k and 


G{G) G ^xi. By Claim 3.2.7, graph G{G) contains a bicycle D. Therefore by Theorem 3.2.6 


there exists a subgraph Gk-i = G{G') such that C" G Ck-i{G) and (c2) holds. 

Now we prove (c2) ^ (cl). Since (c2) holds, G{G) G and AG{G) = AG{G') + 1 = k. 
Therefore by Theorem 4.1.8, G G Ck{G), and so (cl) holds. □ 


Definition 4.1.12 Given two graphs G and G' , we say that G and G' are Mk-egual and 
write G G' if Mk{G) = Mk{G'). Clearly, relation on the set of hnite graphs is 
an equivalence relation. The equivalence classes of this relation are called Mk-eguivalence 
classes. 


Using Theorems 3.2.6 and 4.1.8| it is not difficult to prove the following claim about the 
relation between Mk- and M^-equivalence classes of graphs for k > s > 1. 

Claim 4.1.13 Let k > s > 1. If P be an Mk-eguivalence class of graphs, then P is the 
union of some Mg-eguivalence classes of graphs. In other words, if MgifG) = Ms{G'), then 
Mk{G) = Mk{G'). 

Claim 4.1.14 Let G be a graph and k>l. Then Mk{G) has no loops. 


Proof (uses Theorem |4.1.8[ ) 

By Theorem 4.1.8, if C is a circuit of Mk{G), then G{G) has at least two cycles. Therefore 
|P(C')|>2. □ 

Claim 4.1.15 Let G = (y,E,(f)) and k >1. If X E and AG{X) > k, then X G T>k{G). 


Proof By Claim 3.1.8 the set V = {Z C X : AG{Z) = k} is non-empty. A minimal 
element of V exists and belongs to Ck{G), implying that X G Vk(G). 


□ 
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4.2 Non-trivial /c-circular matroids 


We remind that a matroid M = {E,I) is non-trivial if E is not a base and not a cobase 
of M. 

In this Subsection we give a criterion for a fc-circular matroid of a graph to be non-trivial 
and, on the other hand, describe all graph representations of a trivial fc-circular matroid of 
a graph. 


Theorem 4.2.1 A criterion for matroid MkiG ) to be non-trivial 

Let G be a graph, E{G) the union of all tree components of G, and k > 1. Then the 
following are eguivalent: 

(al) Ck{G) ^ 0, 

(a2) k < AG + cmp{E{G)), and 
(a3) MkiG) is a non-trivial matroid. 


Proof (uses Theorem |4.1.8| and Claims [T LSland liTIsI 

Let G' = G\EiG). Clearly, AG = AG' + AF(G) = AG' - cmp(F(G)). Therefore 
AG' = AG + cmp(F(G)). 

First we prove (al) ^ (a2). Suppose that (al) is true, i.e. Cfc(G) ^ 0. Let G G Cfc(G). 
Then by Theorem 4.1.8, AG(G) > k and every component of G(G) has at least two cycles. 
Since every vertex of A(G) belongs to a tree components of G, graphs G(G) and A(G) have 
no vertex in common. Since G' = G \ E{G), graph G(G) is a subgraph of G'. Since G' has 
no tree components, by Claim [3A5 k < AG(G) < AG' = AG -|- cmp{E{G)). 

Next we prove (a2) (al)- Suppose that (al) is true, i.e. k < AG -\- cmpiEiG)). Since 

AG' = AG -|- cmp{E{G)), we have AG' > k. Then by Claim 4.1.15, E{G') G T>k{G) and 
therefore Cfc(G) ^ 0. 

Now we prove (al) (a3). By dehnition of a non-trivial matroid, (a3) ^ (al)- By Claim 


4.1.14, MkiG) has no loops, and therefore A(G) is not a cobase of MkiG). By (al), A(G) is 
not a base of MkiG). Thus, MkiG) is a non-trivial matroid, and therefore (al) ^ (a3). □ 

From Theorem 14.1.81 and Claim IT 2. II we have: 


Theorem 4.2.2 Let G be a graph. Then MkiG) is a trivial matroid if and only if G has no 
subgraph E such that E G and AE = k. 


Remark 4.2.3 The above Theorem 4.2.2 [ provides for a given fc > 1 a complete description 
of all graphs G that have the same matroid MkiG) in case when MkiG) is a trivial matroid. 
In other words, the above Theorem 4.2.2 describes all graph representations of the fc-circular 
trivial matroid. 


For this reason from now on we will consider the situations when MkiG) is a non-trivial 
matroid. 





















4.3 Coloops of non-trivial /c-circular matroids 


Now we are going to give a graph characterization of the set of coloops for a non-trivial 
matroid Mk{G). 

We know that an element e in a matroid M is a coloop of M if and only if e belongs to 
no circuit of M. 


Obviously, from Claim 4.2.1 we have: 


Claim 4.3.1 Mk{G) is a non-trivial matroid if and only there exists an edge in G which is 
not a coloop of Mk{G), or, equivalently, Mk{G) is a trivial matroid if and only if every edge 
of G is a coloop of Mk{G). 


Claim 4.3.2 Let G be a graph and R = R{G) the union of components of G having at most 
one cycle. Then every edge e of R is a coloop of matroid Mk{G) for every positive integer 
k, and so E{R) is a subset of every base of Mk{G). 


Proof (uses Claim 4.1.8^ 


Obviously, an element e of a matroid M is a coloop if an only if belongs to no circuit of 
M. Let e G E{R), i.e. e belongs to a component of G, say T, having at most one cycle. 

It is sufficient to prove that e belongs to no circuit of Mk{G). Suppose, to the contrary, 
that there exists a circuit G in Mk{G) containing e. Let A be the component of G{G) 
containing e. Then by Claim 4.1.8, A has at least two cycles Di and D 2 . Now since 


e G E{A) n EiT), clearly 4 is a subgraph the component T, and so cycles Di and D 2 are 
subgraphs of T. □ 


Notice that if Mk{G) is a non-trivial matroid for some A: > 1, then by Claim 4.2.1, there 
exists G G Ck{G). By Theorem 4.1.8, every component of G{G) has at least two cycles. 


Therefore graph G has a component with at least two cycles, and so the core [G] of graph 
G (see Definition 3.3.4) is defined. 


Let L\{G) denote the set of coloops of Mk{G). 


Claim 4.3.3 Let k>l and E = E{G). 
l^l(G) = E\E\G]. 


Suppose that Mk{G) is a non-trivial matroid. Then 


4.3.2) 


Proof (uses Theorem 3.2.6 3.3.7, and 4.1.8 Corollary 3.2.8, and Claims 3.3.5 3.3.9 and 


(pi) First we prove that E \ E[G] C Ll{G). Let e e E \ E[G] and A be the component of 
G containing e. If A has at most one cycle, then by Claim [4(3.2 e G L\{G). So we assume 
that A has at least two cycles. Since e E E \ E[G], clearly e ^ E[A] = E[A\. Then, by 


Claim 3.3.9| (cl), graph 4 \ e has a tree component. We claim that e belongs to no circuit of 
Mk{G). Suppose, to the contrary, that there exists a circuit G of Mk{G) containing e. Let D 


be the component of G{G) containing e. By Theorem 4.1.8, D has no leaf. Then by Claim 


3.3.5, e G E{D) C a contradiction. Therefore e belongs to no circuit of Mk{G), and 

so e G Ll{G). Hence, E\E[G]C L*(G). 
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(p2) Now we prove that L\{G) ^ E \ E[G]. Suppose, to the contrary, that there exists 
e G Ll{G) such that e ^ E\ E[G], i.e. e G E[G]. We will show that there exists G G Ck{G) 
containing e, contradicting e G L\{G). 


Since Mk{G) is a non-trivial matroid, there exists D G Ck{G). By Theorem 4.1.8 
AG{D) = k > 1 and G{D) G ^ixi- Therefore G has a component with at least two 
cycles. Then by Theorem 3.3.7| [G] 


G 


and G{D) C* [G]. Also, by Theorem 3.2.6 
A[G] > AG{D) = k. Now by Corollary |3.2.8 , there exists a subgraph E of [G] such that 
e G E{E), E G and A{E) = k. Put E{E) = G. Then e G G and by Theorem |4.1.8 
G G Cfc(G). □ 


Given a graph G, let t(G) be the number of tree components of G, and Y (G) = {e G 
E{G) :t{G\e) >t{G)}. 


From Claims 3.3.11 and 4.3.3 we have the following more detailed characterization of the 
set of coloops of a non-trivial matroid Mk{G). 


Theorem 4.3.4 Graph description of coloops of MkiG ) 

Let G be a graph and M^iG) a non-trivial matroid. Then L\{G) = E \ E[G] = Y{G). 


4.4 Connected /c-circular matroids 

We recall that a matroid M = {E,X) is connected if \E\ > 2 and for every a,b G E there 
exists G G C(M) such that a,b G G. 

In this Subsection we present a graph criterion for a fc-circular matroid to be connected. 
We start with the following claims. 

Claim 4.4.1 Let G be a graph for which Mk{G) is a non-trivial matroid. Then Ck{G) = 
Ck[G]. 


Proof (uses Claims 2.2.3 and 4.3.3) 


Obviously, Cfc[G] C Cfc(G). We prove Ck{G) C Ck[G]. Let G G Cfc(G). Then by 
Claim G O L^(G) = 0. By Claim [iXsj G O (E \ E[G]) = 0. Therefore G Y E[G]. □ 


From Claim lT4.1l we have: 

Claim 4.4.2 Let G and G' be graphs and k > 1. Suppose that Mk{G) is a non-trivial 
matroid. Then Mk{G) = MkiG') if and only if E{G) = E{G') and Mk[G] = Mfc[G']. 

Claim 4.4.3 If Mk{G) is a non-trivial matroid, then the core [G] of G is defined. 


Proof (uses Theorems 3.2.7 and 4.1.8^ 


Since MkiG) is non-trivial, there exists G G CkiG). By Theorem 4.1.8, G(G) G By 


Theorem 3.2.7, G(G) contains a bicycle, and so G has a component with at least two cycles. 
Therefore the core [G] of G is dehned. □ 
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Remark 4.4.4 Claim 4.4.2 and Theorem 3.3.7 allows us to reduce our problem (WP)^ of 
describing the classes of graphs with the same non-trivial /c-circular matroid to the corre¬ 
sponding problem for the graphs in i.e. for the class of cacti-graphs. 

For this reasons from now on we will consider the situations when G is a cacti-graph. 
Let LkiG) and Ll{G) denote the set of loops and coloops of M^^G), respectively. By 


Claim 4.1.14, Lk{G) = 0 and by Claim 4.3.3, L*j^{G) = E \ E[G] for any non-trivial Mk{G). 


Therefore E \ {Lk{G) U L^iG)) = E\ L\{G) = E[G]. In particular, for cacti-graphs Lh{G) U 

Ll(G)) = 0 . 

In what follows we give a characterization of a non-trivial matroid Mk{G) for a cacti- 
graph G. 

Theorem 4.4.5 Graph description of connected matroid Mk { G ) 

Let k >2. Then the following are equivalent: 

(al) Mk{G) is a non-trivial matroid and G G and 
(a2) Mk{G) is a connected matroid. 


Proof ( uses Theorems |3.2.6| |3.3.7| and |4.1.8| Corollary |3.2.8| and Claims |4.3.3| and |4.4.3[ ) 


(pi) First we prove (al) ^ (a2). 

Let a,b E E{G). Since Mk{G) is a non-trivial matroid, there exists D G Ck{G). By 
Theorem 4.1.8, AG{D) = k and G{D) G ^xi- Since G G and G{D) C® G, by Theorem 


3.2.6, AG > AG{D) = k. By Corollary 3.2.8, there exists a subgraph F of G such that 


a, 6 G E{E), E G ^x, and A{E) = k. Put E{E) = G. Then a,b E G and by Theorem 4.1.^ 
G G Cfc(G). Therefore Mk{G) is a connected matroid. 

(p2) Finally, we prove (a2) ^ (al). Since Mk{G) is a connected matroid, we have: Mk{G) 


has a fc-circuit G, and therefore Mk{G) is non-trivial. By Claim 4.4.3, the core [G] of G is 


dehned. Since Mk{G) is a connected matroid, L^iG) = 0. Then by Claim 4.3.3, E = F[G], 
and so G = [G]. Now by Theorem 3.3.7, G G Q ^. □ 


Theorem 4.4.6 Graph description of the ~- equivalence classes in Mi(G) 
Let G be a graph. Then the following are equivalent: 

(al)Mi(G) is a non-trivial matroid and G E and 

(a2) E{A) is an equivalence class of Mi{G) for every component A of G. 


Proof (uses Theorem 3.2.7 and 3.3.7 and Claim 4.3.3) 


(pi) First we prove (al) ^ (a2). Let A be a component of G and a,b E E{G). 

First suppose that a and b both belong to A. Since G G clearly also A E ^x- By 


Theorem 3.2.7, there exists a bicycle Aq such that Aq C® A and a,b E Aq. Since Aq is a 
bicycle, Aq E Ci(G), and therefore a b. 

Now suppose that a and b do not belong to the same component of G. Then no G G Ci(G) 
contains both a and b because G(G) is a bicycle, which is a connected graph. 
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Therefore E{A) is an ~-equivalence class of Mi{G). 


(p2) Now we prove (a2) (al). Let A be a component of G. 

Since E{A) is an ~-equivalence class of Mi(G), clearly Ci{G) ^ 0, and therefore matroid 
Mk{G) is non-trivial and the core [G] of G is dehned. 

Since E{A) is an ~-eqnivalence class of MiiG) for every component A of G, we also have: 
every component A has at least two elements that belong to a common circnit of Mi(G). 
Therefore Ll{G) = 0. Then by Claim 4.3.3, E = E[G], and so G = [G]. Now by Theorem 


3.3.7, G G 


□ 


Corollary 4.4.7 Let G be a graph. Suppose that Mi(G) is a non-trivial matroid and G G 
Then N is a component of Mi{G) if and only if N = Mi{A) for some component A of 


G. 


Remark 4.4.8 Becanse of Corollary |4.4.7| we can rednce onr problem of describing the 
classes of graphs having the same non-trivial bicircular matroid to the corresponding problem 
for the graphs in i.e. for connected cacti-graphs. 


For this reasons from now on in the case of bicircular matroid we will assume that 
G G CQtx]. 


From Corollary |4.4.7 we have: 


Theorem 4.4.9 Graph description of connected matroid Mi{G) 
The following are eguivalent: 

(al) Mi(G) is a non-trivial matroid and G G and 

(a2) Mi(G) is a connected matroid. 


From Theorems 4.2.1, 4.4.5, and 4.4.9 we have: 


Claim 4.4.10 Let G be a 2-connected graph and k > 1. If AG > k, then Mk{G) is a 
connected matroid. 


From Theorems 3.3.7, 4.2.1, 4.4.5, and 4.4.9 we also have: 


Claim 4.4.11 Let k>l. If Mk{G) is a connected matroid, then G G and AG > k. 


Remark 4.4.12 The results in this section will allow us to reduce our problem {WP)k of 
describing the classes of graphs having the same fc-circular matroid to the corresponding 
problem for cacti-graphs graphs, when 2 < k < AG, and for connected cacti-graphs, when 
k = 1 . Equivalently, the theorems in this section allow us to reduce our problem {WP)k of 
hnding all graph representations of a given /c-circular matroid, > 1, to the corresponding 
problem for the class of connected fc-circular matroids. 


32 


















4.5 Independent sets and bases of a /c-circular 
matroid 

Claim 4.5.1 Let G = {V,E,(j)) and X E. If AG{X) < k and G{X) has no tree compo¬ 
nent, then X G Xk{G). 


Proof (uses Claim |3.1.5[ ) 

Let X E and AG{X) < k. If G{X) has no tree-component, then by Claim 3.1.5 
AG{Z) < AG{X) < k for every Z X. Hence X contains no circuit of Mk{G) and 
therefore X is an independent set of Mk{G). □ 


Claim 4.5.2 Let G be graph and k>l. Suppose that I G Ik{G), T is a tree component of 
G{I) orT is a vertex of G not in G{I), and e is an edge in E{G) \ I incident to at least one 
vertex of T. Then / U e G Xk{G). 


Proof (uses Claim |4H78| ) 

Suppose, to the contrary, that JUe ^ X^iG). Then there exists a unique G G Ck{G) such 
that eGCC/Ue. Ife has exactly one end-vertex in T, then the component of G{G) that 
contains e will contain a leaf, contradicting Claim 4.1.8 If both ends of e belong to T and 


T' is the graph obtained from T by adding edge e, then is connected and has at most one 
cycle. Since the component A of G{G) containing e is a subgraph of T', clearly A also has 
at most one cycle contradicting Claim 4.1.8 (c2). □ 


Theorem 4.5.3 Graph structure of a base of MkiG) in graph G 

Let G be a graph and k > 1. Suppose that Mk{G) is a connected matroid. Then the 
following are eguivalent: 

{cl) B & Bk{G) and 

(c2) AG{B) = k -1, V{G{B)) = V{G) {i.e. B spans V{G)), and AA > 0 for every 
component A of G{B) (he. G{B) has no tree component). 


Proof (uses Claims 3.1.7, 3.1.4, 3.1.5, 4.1.15 4.3.2 4.5.1 and 4.5.2) 


Since Mk{G) is a connected matroid, by Theorem 4.4.5 for k > 2 and Theorem 4.4.9 for 
k = 1, matroid Mk{G) is non-trivial and also graph G is a cacti-graph. Therefore graph G 
has no tree component. 

(pi) First we prove that (cl) ^ (c2). Let B G Bk{G). 

(pl.l) Our hrst step is to show that V{G) = V{G{B)). Suppose, to the contrary, that 
there exists vertex v in V{G) \ V{G{B)). Since G has no isolated vertices, there exists 
e G E{G) \ B such that e is incident to v in G. Then by Lemma 4.5.2 (where T is vertex 
v), B U e G Xk{G). This contradicts the maximality of B. Hence, if H G Bk{G), then 
V{G{B)) = V{G). 

(pi.2) Our next step is to show that G{B) has no tree component. 

Suppose hrst that G{B) is a spanning tree. Since Mk{G) is a non-trivial matroid, there 
exists e G E{G) \ B. By maximality of B, we have: H U e is a dependent set of Mk{G). 
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Note that ^g{B U e) = 0. Since G{B U e) is connected, by Claim 3.1.4 we have: AG{X) < 
AG{BUe) = 0 < k for every X C BUe. Therefore BUe contains no fc-circuit, a contradiction. 

Now suppose that G{B) has more than one component and one of them is a tree com¬ 
ponent, say T. Since G has no tree component, there exists e G E{G) \ B such that e is 


incident to at least one vertex of T. Then by Lemma 4.5.2, 5 U e G Xfc(G), a contradiction. 
Therefore G{B) has no tree component (i.e. A A > 0 for every component A of G{B)). 

(pi.3) Now we show that AG{B) = k — 1. Suppose, to the contrary, that AG{B) k — 1. 

Since Mk{G) is a non-trivial ma- 
AG{B U e) < k — 1 < k. Since 


By Claim 4.1.15, AG{B) < k. Therefore AG{B) < k — 1. 


troid, there exists edge e in E{G) \ B. By Claim 3.1.7 


V{G{B)) = V{G) and G has no tree component, clearly G{B) has no tree component as 
well. Now by Claim 4.5.1, i? U e G X^iG). Therefore B is not a maximal independent set 
of Mk{G), and so B is not a base of M^{G), a contradiction. Thus, AG{B) > k — 1, that 
contradicts our assumption that AG{B) < k — 1. 


(p2) Finally, we prove (cl) <^= (c2). Since no component of G{B) is a tree, by Claim 3.1.5 
AG{X) < AG{B) = k — 1 < k ioT every X X B. Therefore B contains no circuit of M^iG), 
and so S G Xj.{G). Since V{G{B) = V{B), we have: AG{BAe) > AG{B) = fc — 1 for every 


e G E{G) \ B. Then, by Claim 4.1.15, i? U e G T>k{G) for every e G E{G) \ B. Therefore B 
is a maximal independent set of Mk{G). □ 


Let pk{G) and p\{G) denote the rank and the corank of matroid Mk{G), respectively, and 
so pk{G) -|- pI{G) = |i7(G')|. Obviously, if Ck{G) = 0, then pk{G) = |i7(G)| and pl{G) = 0. 
We also know that if G has no isolated vertices, then po{G) = |C(G)| — cmp{G), where 
cmp{G) is the number of components of G. 


Corollary 4.5.4 Let G be a graph and k > 1. Suppose that Mk{G) is a connected matroid. 
Then pk{G) = \V{G)\ - 1 + k and pl{G) = \E{G)\ - |1/(G)| + l-k. 


Proof (uses Claim |4.5.3[ ) 

By Claim 4.5.3 (c2), if I? is a base of Mk{G), then 


\B\ - \V{G{B))\ = AG{B) = fc - 1 and V{G{B)) = V{G). Therefore 

Pk { G ) = \B\ = \V{G{B))\-l + k=\V{G)\-l + kandpl{G) = \E{G)\-\V{G)\+ 1 - k. □ 


4.6 The core of a base of a /t-circular matroid 


In this Subsection we dehne the notion and describe some properties of the core of a base 
of Mk{G) as a special subgraph of G. This notion will be essential for establishing some 
properties of the cocircuits of Mk{G) in Subsection |4.7[ 


The dehnition below uses the notion of the core [G] of a graph G (see Dehnition 3.3.4). 


Definition 4.6.1 The core of a base of Mk { G ). 

Suppose that k >2, MkiG) is a connected matroid, and 5 is a base of Mk{G). 
Then the core [G{B)] of graph G is also called the core of B in G. 
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By Theorem 4.5.3, ii k > 2 and B is a base of a connected matroid Mk{G), then the core 
[G{B)] of graph G{B) is dehned and if fc = 1, then the core of i? in G is not dehned. 


From Theorems 3.3.7 (a3) and 4.1.8 we have: 


Claim 4.6.2 Let k >2 and B G Bk{G). Suppose that Mk{G) is a connected matroid. 
Then 

(cl) [G{B)] is the unique subgraph of G{B) belonging to such that 
A[G{B)] = AG{B) = k-l and 

(c2) the edge set of [G{B)] is the unique subset of B that is a {k-l)-circuit of G. 

Claim 4.6.3 Let k >2 and G G Ck-i{G). Suppose that Mk{G) is a connected matroid. 
Then there exists B G Bk{G) such that G{G) = [G{B)]. 


Proof (nses Theorem |4.5.3D 

Let Q G Gmp{G). If C fl E{Q) ^ 0, then let Q' be a minimal connected spanning 
snbgraph of Q containing G. If C fl E{Q) = 0, then let Q' be a minimal connected nnicyclic 


□ 


snbgraph of Q. Clearly, H = U{Q' : Q G Gmp{G)} satishes condition (c2) of Theorem 4.5.3 
Therefore B = E{H) e Bk{G) and G{G) = [G{B)]. 

From Claims 14.6.21 and 14.6.31 we have: 

Claim 4.6.4 Let k >2. Suppose that Mk{G) is a connected matroid. Then 
Ck-i{G) = {[G{B)]-.BeBk{G)}. 


The claim below uses the notion of the kernel [GJ of a graph G (see Dehnition 3.3.3). 


Claim 4.6.5 Let k = 1. Suppose that Mi{G) is a connected matroid. Then 

(cl) if B G Bi{G), then [^4] is a cycle for every A G Gmp{G{B)) and 

(c2) if G is the edge set of a cycle of G, then there exists B G Bi{G) and A G Gmp{G{B)) 
such that G{G) = [AJ. 


Proof (uses Theorem |4.5.3D 


First we prove (cl).By Theorem 4.5.3, AG{B) = 0 and A A > 0 for every 
Now G{B) = U{A : A e Gmp{G{B))}, and so AG{B) = ^{AA : A 
Therefore A A = 0 for every A G Gmp{G{B)). Then every component A of 
is a cycle for every A G Gmp{G{B)). 

Now we prove (c2). Let G be a cycle of G. Let A G Gmp{G). If A 
let A! be a minimal connected spanning subgraph of A containing G. If A 
G, then let A' be a minimal connected nnicyclic spanning subgraph of 
Clearly, H = U{A' : A G Gmp(G)} satishes condition (c2) of Theorem 
B = E{H) G BkiG) and G{G) = [AJ for some A G Gmp(G). 


A G Gmp{G{B)). 
G Gmp{G{B))}. 
G{B). Thus [AJ 

contains G, then 
does not contain 
A containing G. 
Therefore 
□ 


4.5.3 
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4.7 Cocircuits of a /c-circular matroid 


In this Section we intend to describe the cocircuits of the fc-circular matroid Mk of a 
graph G as some special edge subsets of G. For example, we know that iF is a cocircuit of 
Mq{G) if and only if iF is a minimal edge cut in G. 


By Claim 2.2.4 (c3), for every cocircuit iF of a matroid M there exists a base B oi M 
and e E B such that K is the fundamental cocircuit of base i? in M rooted at e (or the 
same, a (5, e)-cocircuit in M), i.e. K = G*{e,B) for some B G B{M) and e E B. Put 


K{e,B) = G*{e,B). 

Thus, we can (and will) describe all cocircuits of matroid Mj^iG) by describing the {B, e)- 
cocircuits K{e,B) of MkiG) for all pairs (5,e), where B is a. base of M^iG) and e E B. 


We will distinguish between three possible types of (5, e)-cocircuits K{e,B) depending 
on the structure of component A of G{B) containing edge e and on the position of edge e in 


A. 


Definition 4.7.1 Let B E Bk{G), e E B, and k >1. Then 

(tl) K{e,B) is a (5, e)-cocircuit in MkiG) of type 1, if e ^ where A is a component 

of G{B) containing edge e, 

(t2) K{e,B) is a (S, e)-cocircuit in Mk{G) of type 2, if e E EyA\, where A is a unicyclic 
component of G{B) containing edge e, and 

(f3) K{e,B) is a (5, e)-cocircuit in Mk{G) of type 3, if e E E[A\, where A is a component 
of G{B) that has at least two cycles and contains edge e. 


Theorem 4.7.2 Graph description of rooted cocircuits of type 1 
Let G be a graph and k > 1. Suppose that 

(al) Mk{G) is a connected matroid, B E Bk{G), and e E B and 

(a2) K{e,B) is a {B,e)-cocircuit in Mk{G) of type 1 [i.e. edge e ^ where A is a 

component of G{B) containing edge e). 

Then exactly one of the two components of A\e is a tree T and K{e,B) = K'{e,B)U e, 
where iF'(e, B) is the set of edges in E\B having at least one end-vertex in V{T). 


Proof (uses Theorem 4.5.3 and Claims 2.2.4 and 3.3.9) 


(pi) Since e ^ -F[4J, by Claim 3.3.9 (cl), exactly one of the two components of 4 \ e is a 
tree. Let T be the tree component and D the non-tree component of 4 \ e. 


(p2) We prove that K{e,B) = K'{e,B) U e. By Claim 2.2.4 (c2), it is sufficient to show 
that u E K'{e, B) if and only if u E E\B and Bu = {B \e) VJ u satisfies condition (c2) of 
Theorem 14.5.31 

(p2.1) First, suppose that u E K'{e,B). 

If u has both ends in V{T), then both D and TVJu have cycles, and therefore B^ satisfies 
condition (c2) of Theorem 4.5.3[ 

If u has one end in T and the other end in D, then G{{E{A) \ e) U m) is not a tree and 


Bu satisfies condition (c2) of Theorem 4.5.3 
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If u has exactly one end in T and the other end in a component F of G{B) distinct 
from A, then G{E{F) U E{T) U u) is not a tree, and therefore Bu satishes condition (c2) of 
Theorem I4.5.3[ 


(p2.2) Now suppose that u G E\K{e, B). Then T is a tree-component of G{B \ eUu), and 
so Bu does not satishes condition (c2) of Claim 4.5.3, □ 


Theorem 4.7.3 Graph description of rooted cocircuits of type 2 
Let G be a graph and k > 1. Suppose that 

(al) MkiG) is a connected matroid, B G BkiG), and e E B and 

(a2) K{e,B) is a {B,e)-cocircuit in M^iG) of type 2, {i.e. e G E[A\, where A is a unicyclic 
component of G{B) containing edge e). 

Then A\e is a tree and K{e,B) = K'{e,B) U e, where K'{e,B) is the set of edges in 
E \ B having at least one end-vertex in V{A\e). 


Proof (uses Theorem |4.5.3| and Claim |2.2.4[ ) 

By assumption (a2) of our theorem, e is an edge of a unique cycle in A. If u has both 
ends in V{A), then {{E{A) \ e)Uu) is not a tree and therefore {B\e)Uu satishes condition 
(c2) of Theorem 4.5.3[ 

If u has exactly one end in V{A) and the other end in a component D of G{B \ e), then 


G{E{D)U E{A\e)Uu) is not a tree and {B\e)Uu satishes condition (c2) of Theorem 4.5.3 


Now, if u has no ends in E[A) or, equivalently, u ^ K'(e,B), then A \ e is a tree 
component of G{{B\e)Uu), and so {B\e)Uu does not satishes condition (c2) of Theorem 


4.5.3, Therefore {B\e)Uu ^ l3k{G). 

c2). 


Hence by Claim 2.2.4 


u G K'{e, B)Ue = K{e, B) ^ {B\e)Uu e Bk{G) ^uE K{e, B). 


□ 


Theorem 4.7.4 Graph description of rooted cocircuits of type 3 
Let G be a graph and k >1. Suppose that 

(al) Mk{G) is a connected matroid, B G Bk{G), and e E B and 

(a2) K{e, B) is a {B, e)-cocircuit in Mk{G) of type 3 , {i.e. e E E[A\, where A is a component 
of G{B) that has at least two cycles and contains edge e). 

Then K{e,B) = {E\B)Ue. 


Proof (uses Theorem |4.5.3| and Claim |3.3.9[ ) 

Since e G by Claim 3.3.9 (c3), every component of H\e contains a cycle. Therefore 
for every u E E \ B we have: {B \e) U u satishes condition (c2) of Theorem 4.5.3 Hence 
u E K{e, B) if and only \f u E {E \ B) A e. □ 
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